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( , ) $f$ ( $s,$ q)
-
. , $q$ $Q$ , $\mathrm{V}(f;s_{0}, Q)=$









, , 2 ,
. , 3 , 4
. , 5
– .
: , $R$ , $\mathrm{C}$ , Rm( , $\mathrm{C}^{m}$ ) $V$ ,
$\partial V$ , int $V$ , ri $V,$ $\overline{V}$, outbd $V$ , , $V$ , , , ,
( ) . , $i\leqq i$ $i$ $j$ , [ i] { $i,$ $i+1,$ $\cdots$
, $j\}$ . $V=\{q^{i}\}_{i=1}^{k}$ , $|V|=k$ , $V$ . $\{q^{i}\in \mathrm{C}^{m}\}_{i=1}^{k}$
$V\subseteq \mathrm{C}^{m}$ , conv $[q^{1}, q^{2}, \ldots, q^{k}]$ conv [V] , .
$P$ . $n_{k}$ $Z_{k}\in P$ $\mathrm{v}_{z_{k}}=\{z_{1}^{k}, z_{2}^{k}, \cdots, z_{n_{k}}^{k}\}$ , $Z_{k}$
$\mathrm{E}_{Z_{k}}=$ { $L_{i}^{k}=$ conv $[z_{i_{\aleph}}^{k},$ $z_{i_{t}}^{k}]|i\in$ [l..nk]} . , $i_{s}$ $<n_{k}$ , $it=i_{s}+1$ ,
$i_{s}=n_{k}$ , $i_{t}=1$ .
2
$q$ $f(s, q)$ . $q$ $Q$
,
$\mathrm{V}(f;s_{0}, Q)=\{f(s0, q)|q\in Q\}$ (1)
$s=s0$ $f$ .
, , 1) , 2)
, .
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[1].
1 $f(s, q)$ . , $Q$ , $s$ $q$
. $D\subseteq \mathrm{C}$ . , $D$- , , $q\in Q$ , $f(s, q)$
$=0$ $D$ , 2 .
1) $q^{0}\in Q$ , $f(s, q^{0})=0$ $D$ .
2) $D$ $s$ , $\mathrm{O}\not\in \mathrm{V}(f;s, Q)$ . I
1 , $q$ . , $D$
$\langle$ , , $q$ –
[1]. 1 1) , , 2) , O-





[4], [5], [7] .
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$[6]-[10]$ .
, , QFT [6] ,
, .
, - PID .
.
$y=G(s, q)u,$ $u=C(s, a)e+W_{d}(s, q)d,$ $e=r-y$
, $y,u,$ $e,$ $d$ ,H , , , , , , . $G(s, q)$ ,
, $q=[q_{1}, q_{2}, \cdots, q_{N_{q}}]^{T}\in Q$
. , $C(s, a)$ , PID
$C(s, a)=aP^{\cdot}(1+C_{I()+^{c_{D(}}}S, aIs, a_{D}))$ (2)
$C_{I}(s, a_{I})= \frac{a_{I}}{s},$ $C_{D}(s, a_{D})= \frac{s\cdot.a_{D}}{1+s\tau\cdot a_{D}}$
, $a=[a_{P}, a_{I}, aD]^{T}$ $a_{P},$ $a_{I},$ $a_{D}$ . , $W_{d}(s, q)$ ,
. , $a_{P}\in A_{P},$ $a_{I}\in A_{I},$ $a_{D}\in A_{D}$ , $A_{i},$ $Q$ .
, PID $A^{*}\subseteq A_{P}\cross A_{I}\cross A_{D}$
: $q\in Q$ $a\in A^{*}$ ,
1) ;
2) $|N(j\omega, q, a)|\leqq|\alpha(j\omega)|\forall\omega\in \mathrm{R}$ ;
3) $|\beta(j\omega)|\leqq|T(j\omega, q, a)|\leqq|\gamma(j\omega)|\forall\omega\in \mathrm{R}$ ;
4) $|S(j\omega, q, a)|\leqq|\sigma(j\omega)|\forall\omega\in \mathrm{R}$ .
, $\alpha(s),$ $\beta(s),$ $\gamma(S),$ $\sigma(S)$ , , $N(s, q, a),$ $\tau(s, q, a),$ $S(s, q, a)$ ( ,
$N(s, q, a)= \frac{W_{d}(s,q)G(s,q)}{1+G(S,q)c(s,a)}$
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$T(s, q, a)= \frac{G(s,q)c(_{S},a)}{1+G(s,q)c(s,a)}$ , $S(s, q, a)=1-\tau(s, q, a)$
. , 3) , .
2), 3), 4) , , $A_{N},$ $A_{B}\tau$ , As , $A=A_{N}\cap A_{BT}\mathrm{n}$ As
. , $A$ , , $|\sigma(j\omega)|<\infty$ ,
$0\not\in\{1+G(j\omega, q)C(j\omega, a)|a\in As, q\in Q\}$
. , $G(s, q)C(S, a)$ , $A$ $A^{i}$
$a$ $q\in Q$ , , $a=a^{0}\in A^{i}$ $q=q^{0}\in Q$
[11], , $A$
. $A$ , [11], [12] .
, , $A_{P}\mathrm{x}A_{I}\mathrm{x}A_{D}$ $\{A\ell mnA=P\ell \mathrm{x}A_{I_{m}}\mathrm{x}A_{D_{n}}\}$ , $A\ell_{mn}$ $A$
. $j\omega$ ,
$z_{S}(\omega, q)=-G^{-1}(j\omega, q),$ $r_{S}(zs)= \frac{|z_{S}(\omega,q)|}{|\sigma(j\omega)|}$
, $|S(j\omega, q, a)|\leqq|\sigma(j\omega)|$ , $C(j\omega, a)$ , $B[z_{S}(\omega, q)$ ;
$rs(zs)]$ , $\mathrm{V}(-G-1;j\omega, Q)$ ,
$.z$ $B[z;rs(z)]$ , $\mathrm{V}$( $C;i\omega,$ Almn)
, $A\ell_{mn}$ , $\omega$
, $As$ ( ) . ,
, $A_{P}\cross A_{I}\cross A_{D}$ ,
[12], .
, , 1 0-
4) .
2.3
$s=s\mathit{0}$ $f$ , (1) ,
, , , ” ”




, , . ,
1 , ,
1. , , , ( ) ,




1 $s$ 1 , .
, $s$
, $s$ 1 . ,
, , $s$ .
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, ,
. , 3 $P(s, q)$ . $P(s, q)$ ,
$P(s, q)=z_{5}\{(z1+Z_{2})(_{Z}3+z4)+z_{1}Z2\}+z4\{z3(z_{1}+z_{2})+z2(Z1+q_{1})6\}$






$z_{3}=sq_{1}q_{2}2\mathrm{s}_{+S}3$ , $z_{4}=sq_{1}+q_{1}^{4}4$ , $Z_{5}=S^{2}q_{1^{+sq}}^{55}2$
. , $z=[z_{1}, z_{2}, \cdots, Z_{6}]^{\tau},$ $z_{6}=q_{1}^{6},$ $Z=z_{1}\cross Z_{2}\cross\cdots\cross Z_{6,i}Z=\{s^{2}q_{1}^{i}+sq_{2}^{i}|q_{j}^{i}\in Q_{j}^{i}, j=1,2\}$ ,
$i=1,3,5,$ $Z_{i}=\{sq_{1}^{i}+q_{2}^{i}|q_{j}^{i}\in Q_{j}^{i}, j=1,2\},$ $i=2,4,$ $Z_{6}=Q_{1}^{6}$ , ,
$f(z)=z_{5}\{(_{Z}1+z2)(_{Z}\mathrm{s}+z_{4})+Z1Z2\}+Z_{4\{_{Z_{3}(_{Z_{1}+)Z}}}z2+2(Z1+z_{6})\}$ (3)
, ,
$\mathrm{V}(P;SQ)=\{P(s, q)|q\in Q\}=\mathrm{v}(f;Z)=\{f(Z)|Z\in z\}$
.
$s=g\omega$ ( ) , $Z_{i},$ $i\in[1..5]$ , . , $s$ –




1 $Z_{k}\in P,$ $k\in$ [1..m] . $z=[z_{1}, z_{2}, \cdots, z_{m}]^{T}$ , $z_{i}\in Z_{i},$ $Z=Z_{1}\cross Z_{2}\cross\cdots\cross Z_{m}$ , $\mathrm{C}^{m}$
$\mathrm{C}$ $f(z)$ . ,
$\mathrm{V}(f;z)=\{f(Z)|Z\in z\}$ (4)
, . I





1 $\tilde{f}(z)=z_{1^{Z}}2$ $f(z)=\tilde{f}(Z)z3=z1z2^{Z_{3}}$ . , $z=[z_{1}, z_{2}, Z_{3}]^{\tau},$ $z_{i}\in Z_{i}$ ,
$Z_{i}=$ conv $[-\sqrt{3}+s_{0}, \sqrt{3}+so],$ $j=1,2,3$ , $s\mathrm{o}=r^{\mathrm{o}.75}$ (a) $\mathrm{V}(\tilde{f};Z),$ $(\mathrm{b})\mathrm{V}(f;Z)$ ,
(c) $\mathrm{V}(\tilde{f};z)$ ( ) , (d) $\mathrm{V}(f, Z)$ outbd $\mathrm{V}(f;Z)$ .
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$\langle$ , ( 1(d) , outbd $\mathrm{V}(f;Z)$ )
, , 1 .
2 $Z_{k}\in \mathcal{P},$ $k\in$ [1..m], $Z=Z_{1}\cross Z_{2}\cross\cdots\cross Z_{m}$ , $\mathrm{C}^{m}$ $\mathrm{C}$ $f(z)$ .
,
$\mathrm{E}(f;Z)\subseteq N[\mathrm{o}\mathrm{u}\mathrm{t}\mathrm{b}\mathrm{d}\mathrm{v}(f;Z);\epsilon]$, outbd $\mathrm{V}(f;Z)\subseteq N[\mathrm{E}(f;z);\mathcal{E}]$
$\mathrm{E}(f;Z)\in P$ . , $N[V;\epsilon]$ , $V$ $\epsilon$ . I
3
$\partial \mathrm{V}(f;z)$ , outbd $\mathrm{V}(f;Z)$ outbd $\partial \mathrm{V}(f;Z)$ . $\partial \mathrm{V}(f;z)$
[14].
1 $\mathrm{C}^{m}$ $\mathrm{C}$ $f(z)$ , $Z$ . $z\in Z$ , $k\in$ [1..m]
, $z_{k}\in$ int $Z_{k}$ $Z$ ,
$f(z)\in$ int $\mathrm{V}(f;z)$ . (6)
. , .
$\partial \mathrm{V}(f;Z)\subseteq\partial$ {$f(z)|z=[z_{1},$ $z_{2},$ $\cdots,$ $zm]T,$ $z_{k}\in L_{i}^{k}\in \mathrm{E}_{Z_{k}}$ , $i\in[1..n_{k}]$ , $k\in$ [1..m]}. (7)
I
1 , $\partial \mathrm{V}(f;z)$ , $z_{k}$ $Z_{k}$ $L_{i_{k}}^{k}$ $z$
.
$(L_{i_{1}}^{1}, L_{i_{2}}^{2} , \cdots , L_{i_{m}}^{m})$ , $I=\{(i_{1}, i_{2}, \ldots, i_{m})|i_{k}\in[1..n_{k}], k\in[1..m]\}$ , $\mathcal{I}$
$I$ . $L_{i_{k}}^{k}=$ conv $[z_{i_{s}}^{k}, Z_{i\iota}^{k}]\in \mathrm{E}_{Z_{k}}$ , $L_{i_{k}}^{k}=\{x_{k}z^{k}+i\delta(1-X_{k})Z_{i_{t}}^{k}|x_{k}\in[0,1]\}$
, $I\in \mathcal{I}$
$g(x;I)=f(z)$ , $z_{k}=x_{k}Z_{i_{S}}k+(1-x_{k})Zi_{t}k\in L_{i_{k}}^{k}x_{k}\in[0,1]$ , $k\in[1..m]$ . (8)
, ,
$\partial \mathrm{V}(f;Z)=\bigcup_{I\in \mathcal{I}}\partial \mathrm{v}_{((\cdot I);}.g;[0,1]^{m})$
, outbd $\mathrm{V}(f;Z)=$ outbd $[_{I\in \mathcal{I}}\cup\partial \mathrm{V}(g(\cdot;I);[0,1]^{m})]$ (9)
.
, $m=1$ , (9) ,
$\partial \mathrm{V}(f;z)=\cup\partial \mathrm{V}(g(\cdot;I);[0,1])I\in \mathcal{I}$’
$(1_{r\backslash }.\cdot \mathrm{o})$
, .
, $m\geqq 2$ . $g$ $\mathrm{C}$ , $[0,1]^{m}$ , $g$ ,
, [7].
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2 $m\geqq 2$ , $I\in \mathcal{I}$ ,
$H(x;I)=[h^{1}(x;I) .. h^{m}(x;I)]$ , $h^{j}(x;I)=$ (11)
. $x\in(\mathrm{O}, 1)^{m}$ , rank $H(x;I)=2$ , $g(x;I)\in$ int $\mathrm{V}(g(\cdot;I);[0,1]^{m})$
. 1
[7] 2 , , $0$ 1 , $\cdot$ . ., $x_{j_{m-2}}$ ,
$F(x)=[{\rm Re} g(X;I){\rm Im} g(x;I)X_{j_{1}}\cdots x_{j_{m-2}}]^{T}$ , rank $H(x;I)=2$ , $\det[F’(x)]\neq 0$
, $F$ , (
, [19] $)$ , 2 .
2 .
1 $m\geqq 2$ , .
$\partial \mathrm{V}(g(\cdot;I);[0,1]^{m})\subseteq$ {$g(x;I)|x\in(0,1)^{m}$ , rank $H(x;I)<2$} $\cup\{g(x;I)|x\in\partial[0,1]^{m}\}$ (12)
I
, , [14].
3 $x\in[0,1]^{m}$ . , $h^{1}(x;I)\neq 0$ , 3 .
1) rank $H(x;I)<2$
2) rank $[h^{1}(x;I) h^{j}(x;I)]<2\forall j\in[2..m]$ , ,
$\psi(x;I)=$ $=0$ , $\psi_{j}(x;I)=\det[h^{1}(x;I)h^{j+1}(X;I)],$ $j\in[1..m-1]$ (13)
3) $j\in[2..m]$ , $\gamma j(x)$ , $h^{j}(x;I)=\gamma_{j}h^{1}(x;I)$ . I
3 , rank $H(x;I)<2$ , $2\cross 2$ , $h^{1}(x;I)\neq 0$
, (13) ($m$ $m-1$ )
. , rank $H(x;I)<2$ , $x$ 1
(13) .
, .
1 . $h^{j}(\bullet;I),$ $j\in$ [1..m] , $[0,1]^{m}$ ,
$x\in[0,1]^{m}$ , $h^{1}(x;I)\neq 0$ , (13) $\psi(x;I)$ $4_{(X}\partial\partial x;I$)
$m-1$ . 1
, .
4 1 . $x^{*}\in(0,1)^{m}$ , $\psi(x^{*} ; I)=0$ ,
$\hat{X},\tilde{X}\in\partial[0,1]^{m}$ , $\psi(\hat{x};I)=\psi(\tilde{x};I)=0$ , , $\chi$ : $[0,1]arrow[0,1]^{m}$ ,




3, 4 , {$g(x;I)|x\in(0,1)^{m}$ , rank $H(x;I)<2$} , $\partial[0,1]^{m}$ $\psi(x;I)=0$ $x$
, , $(0,1)^{m}$ $\psi(x;I)=0$ $x$ . ,
, $\psi(x;I)=0$ , $J\subseteq[1..m-1]$
$\psi_{j}(X;I)=0$ , $j\in J$
. , 1 . , $I\in \mathcal{I}$
. 3 $=$ ( , $K_{m-r},$ $S_{m-r}$ ) . , $=\{j_{1},j_{2}, \ldots,j_{r}\}\underline{\subset}$ [1..m],
$K_{m-r}=\{k_{1}, \ldots, k_{r}\}=[1..m]-$ , $S_{m-r}=\{\sigma_{k}\in\{0,1\}, k\in K_{m-r}\}$ . , ,
$\Omega(I, \mathcal{T}_{r})=\{x\in \mathrm{R}^{m}|x_{k}=\sigma_{k}, k\in K_{m-r}, x_{j}\in[0,1], j\in J_{r}\}$ (14)
. , $x\in\Omega(I, \mathcal{T}_{r})$ , $H(x;I)$ $H(x;I, \mathcal{T}_{r})$ $\Omega(I, \mathcal{T}_{r})$ $\hat{\Omega}(I, \mathcal{T}_{r})$
$H(x;I, \mathcal{T}_{r})=[h^{j_{1}}(x;I) ... h^{j_{r}}(x;I)]$ (15)
$\hat{\Omega}(I, \mathcal{T}_{r})=$ { $x\in\Omega(I,$ $T_{r})|$ rank $H(x;I,$ $\mathcal{T}_{r})<2$ }. (16)
. , $r\geqq 1$ $2^{m-r}$ $S_{m-r}$ ,
$\cup$ ri $\Omega(I, \mathcal{T}_{r})=\partial[0,1]^{m}$ , int $\Omega(I, \mathcal{T}_{m})=(0,1)^{m}$ (17)
$\mathcal{T}_{r},$ $r\leqq m-1$
. , 3, 4 , .
5 $r\geqq 2$ , $x\in\Omega(I, \mathcal{T}_{r})=(J_{r}, K_{m-r}, S_{m-r})$ . , $h^{j_{1}}(x;I),$ $\neq 0$ ,
2 .
1) rank $H(x;I, \mathcal{T}_{r})<2$
2) rank $[h^{j1}(x;I) h^{j_{k}}(x;I)]<2\forall k\in[2..r]$ , ,
$\psi(_{X;}I, J_{r})=$ $=0$ , $\psi_{k}(x;I, Jr)=\det[h^{j_{1}}(x;I)h^{j_{k}+1}(X;I)],$ $k\in[1..r-1]$ (18)
I
6 1 , $r\geqq 3$ . $x^{*}\in$ ri $\Omega(I, \mathcal{T}_{r})$ , $\psi(X^{*}; I, J_{r})=0$
, $\hat{x},\tilde{x}\in\partial \mathcal{T}_{r}$ , $\psi$ ( $\hat{x};I$ , )=\psi (x\tilde J, )=0 , , $\chi$ : $[0,1]arrow\Omega(I, \mathcal{T}_{r})$
, $\eta^{*}\in(0,1)$ $\chi(\eta^{*})=x^{*}$ , $\chi(0)=\hat{x},$ $\chi(1)=\tilde{x}$ , ,
$\psi$ ( $\chi(t);I$ , )=0 $\forall t\in[0,1]$
. I
, $r\geqq 2$ , $g(\cdot;I)$ $\Omega(I, \mathcal{T}_{r})$
$g(x, I)\in$ int $\mathrm{V}(g(\cdot;I);[0,1]^{m})\forall x\in$ ri $\Omega(I, \mathcal{T}_{r})$ : rank $H(x;I, \mathcal{T}r)=2$ (19)
, 1 (9) .
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2$\partial \mathrm{V}(g(\cdot;I);[0,1]^{m})\subseteq(_{\tau,},$ $2\leqq r\leqq mI\cup \mathrm{v}(g(\cdot;);\hat{\Omega}(I, \tau r))\mathrm{I}$ $\cup$ $( \bigcup_{\tau_{1}}\mathrm{v}(\mathit{9}(\cdot;I);\Omega(I, \mathcal{T}1)))$ (20)
outbd $\mathrm{V}(f;Z)$ $=$ outbd $[( \bigcup_{I\in \mathcal{I}\mathcal{T}},.,\cup \mathrm{v}(g(\cdot;I);\hat{\Omega}(I, \tau r))\mathrm{I}2\leqq r\leqq m$
$\cup$ outbd $(I \in\cup\bigcup_{\tau_{1}\mathcal{I}}\mathrm{V}(\mathit{9}(\cdot;I);\Omega(I, \mathcal{T}_{1})))]$ (21)
. I
(20) , $\mathrm{V}(g(\cdot;I);\Omega(I, \mathcal{T}1))$ 1 . , $g$
( , ) $\mathrm{V}(g(\cdot;I);\Omega(I, \mathcal{T}1))$ . ,
$g(x;I)= \frac{1}{xz_{0}^{1}+(1-X)Z_{1}^{1}}$ (22)
, [13].
7 $m=1$ , $g(x;I)$ (22) , $\mathrm{V}(g(\cdot;I);[0,1])$ , $1/z_{0}^{1},1/z_{1}^{1}$ $0$
$1/z_{0}^{1},1/z_{1}^{1}$ $0$ .
, $1/z$ , , $n_{1}$ $Z_{1}$ , $\mathrm{V}(1/z;Z_{1})$ $Z_{k}$ conv $[z_{i_{S}}^{1}, z_{i_{t}}]1$
. 1
, $\mathrm{V}(g(\cdot;I);\hat{\Omega}(I, \mathcal{T}2))$ , $g$ , [7].
8 $g$ , $\mathcal{T}_{2}=(J_{2}, K_{m-2}, sm-2),\hat{J}_{2}=\{1,2\}$ ,
$g(x;I)=C_{312}xx+C_{1}x_{1}+C_{2^{X}2}+C_{0}$ , $C_{i}=\alpha_{i}+g\beta_{i},$ $i\in[1..3]$ , $x_{i}=\sigma_{i},$ $i\in[3..m]$
$H(x;I,\mathcal{T}_{2})=$
$\det H(x;I, \tau 2)=(\alpha_{1\beta \mathrm{s}-\alpha_{3}}\beta 1)X_{1}+(\alpha_{3}\beta_{2}-\alpha 2\beta 3)x_{2}+(\alpha_{1}\beta_{2}-\alpha_{2}\beta_{1})$
; $\hat{\Omega}(I, \mathcal{T}_{2})$ , , $[0,1]^{2}$ , $\mathrm{V}(g(\cdot;I);\hat{\Omega}(I, \mathcal{T}2))$ 2 – . I
, $\hat{\Omega}(I, \mathcal{T}_{2})$ , 2 ,
$\hat{\Omega}(I, \mathcal{T}_{2})$ .
$\hat{\Omega}(I, T_{2})$ , $\hat{\Omega}(I, \mathcal{T}_{r}),$ $r\in[3..m]$ .
1 7, 8 $P$ : (Non-convex Polygon Interval Arithmetic,
, NPIA ) .
7 , $Z_{1}$ ( , $\mathrm{O}\not\in Z_{1}$ ) , $\mathrm{V}(1/z;Z_{1})$ , , 8 ,
2 $Z_{1},$ $Z_{2}$ , $\mathrm{V}(z_{1}\cdot Z_{2};(z_{1}, z_{2}))$ . ,
$\partial \mathrm{V}(_{Z_{1}+Z_{1}}Z2;\cross Z_{2})\subseteq$ $\cup$ $\mathrm{V}(Z_{1}+\cdot;\mathrm{E}_{Z_{2}})$ $\cup$ $\cup$ $\mathrm{V}(\cdot+z_{2};\mathrm{E}_{Z_{1}})$
$z_{1}\in \mathrm{v}_{z_{1}}$ $z_{2}\in \mathrm{v}_{z_{2}}$
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2 $01234567=[0,1]^{3}$
[16]. , , NPIA$(P;\oplus, , (\cdot)^{\ominus})$ ,
outbd $[\mathrm{V}(z_{1}+z_{2};Z_{1}\cross Z_{2})]=Z_{1}\oplus Z_{2}$ (23)
$\mathrm{V}(z_{1}\cdot z_{2};\{z_{1}\}, z_{2})=Z_{1}z_{2}$ (24)
$\mathrm{V}(Z_{1}\cdot z_{2};Z_{1}\mathrm{x}Z_{2})\subseteq z_{1}z_{2}\subseteq N(\mathrm{o}\mathrm{u}\mathrm{t}\mathrm{b}\mathrm{d}[\mathrm{V}(z_{1}\cdot z_{2};Z_{1}\cross Z_{2})];\epsilon)$ (25)
outbd $[\mathrm{V}(Z_{1}^{-1}; Z_{1})]\subseteq z_{1}^{\mathrm{e}}\subseteq N(\mathrm{o}\mathrm{u}\mathrm{t}\mathrm{b}\mathrm{d}[\mathrm{V}(Z_{1}^{-1}; Z_{1})], \epsilon)$ , (26)
[16]. , $Z_{1}\oplus Z_{2},$ $z_{1}Z_{2},$ $z_{1}z_{2},$ $z_{1}^{\mathrm{e}}$ $P$
. , [16] , [17] . 1
4 $\hat{\Omega}(I, \mathcal{T}_{r})$
, $[0,1]^{m}$ (face graph) $\hat{\Omega}(I, \mathcal{T}_{r}),$ $r\geqq 3$
. , . $[0,1]^{3}$ 2 . 2
, 01, 02..., 67 1- , 0132, 0154, ..., 2376 2- ,
01234567 3- . , , .
, 0132 01 , 2- 01 , 3- 0132 . , 01
0132 . $m=3$ , 6 2- , 1 3- .
, ${}_{m}C_{2}2^{m-2}$ 2- , ${}_{m}C_{3}2^{m-3}$ 3- , ..., ${}_{m}C_{k}2^{m-k}$ $k-$ , ..., ${}_{m}C_{m-1}2^{1}$
$(m-1)-$ 1 m- . , r- , 1 $\Omega(I, \mathcal{T}_{r})$
. $[0,1]^{m}$ , Beneath-Beyond [21] .
$\hat{\Omega}(I, \mathcal{T}_{r})$ :
procedure FIND-OMEGA
Step 1. $S_{m-2}$ $\hat{\Omega}(I, \mathcal{T}_{2})=\{x\in\Omega(I, \mathcal{T}_{2})|\psi_{1}(x, I, J_{2})=0\}$ ;




1) $\Omega(I;^{\tau_{\Gamma}})$ $\Omega(I;\mathcal{T}_{r-1})$ , $\hat{\Omega}(I;\%_{-1})\neq\emptyset$ , $\hat{\Omega}(I, \mathcal{T}_{r}):=\emptyset$
.
2) $\hat{\Omega}(I;\mathcal{T}_{r-1})\neq\emptyset$ , $\mathcal{T}_{r-1}=(J_{r-1}, K_{m-}r+1, s_{m}-r+1)$ , I=( , $K_{m-r},$ $Sm-r$ ),
$J_{r}=J_{r-1}\cup\{j_{r}\}$ , $\hat{\Omega}(I;\mathcal{T}_{r}-1)0-$ $x^{0}$ $\psi r-1(X^{0}; I, J_{r})=0$ ( , $\psi(X^{0_{;}}I,$ $Jr)=0$)
. , 1 .
3) $\chi(0)=x^{0}$ $\{\chi(\eta)|\eta\in[0,1]\}\subseteq\hat{\Omega}(I, \mathcal{T}_{r})$ , (18): $\psi(x;I$ ,
) $=0$ $r-1$ $r$ , 1 , , $x_{\hat{i}}$
$\psi(x;I, J)=0$ . , $\psi(x^{p};I, J_{r})=0$
$x^{\ell}\in\hat{\Omega}(I, \tau_{r})$ ,
$\psi(x^{\ell 1} ; I, J_{r})+=0$, $x_{i}^{\ell+1}\wedge=x_{\hat{i}}^{\ell}+\Delta$ , $x^{\ell+1}\in\Omega(i, \mathcal{T}_{r})$ (27)
$x^{\ell+1}$
$\partial\Omega(i, \mathcal{T}_{r})$ . , $S_{m-r+1}$ $\sigma_{j_{r}}=0$
, (27) $\Delta>0$ , $\sigma_{j_{r}}=1$ , $\Delta<0$ . , $\ell=0$ , $\text{\^{i}}=j_{r}$
.
4) , (27) , . , , $x^{\ell+0}1$, $x_{j}^{p+0}1,=$
$x_{j}^{\ell}(j\neq\hat{i}),$ $x_{\hat{i}}^{\ell+0}1,=x_{\hat{i}}^{\ell}+\Delta$ . , 2 ,
.
$x^{\ell}$ , .
$|\Delta|$ , $\chi(\eta)$ $x_{\hat{i}}$
, 2 . 2
– , $x_{j}^{\ell-1}$ . , 2
, (27) $\Delta$ , $x_{\hat{i}}^{\ell\ell 1}-x_{\hat{i}}-$ .
, 1 , $\partial \mathrm{V}(g(\cdot)I);[0,1]^{m})$ , m-




, . $m=3$ $\mathrm{V}(g(\cdot;I);\hat{\Omega}(I, \mathcal{T}_{r}))$ 3, 4 . ,
$g(x;I)= \sum_{(k_{1},k_{2},k\mathrm{s})\in\{0,1\}^{\mathrm{s}}}c_{k}1k2k_{3}x_{1}X_{2}k1k_{2}kx_{3}\mathrm{s}$
, $I=(1,1,1)$ (28)
3 , , $\mathrm{V}(g(\cdot;I);\hat{\Omega}(I, \mathcal{T}_{2}))$ 4 , 2 –
. , $\mathrm{O}$ 1 $\mathrm{V}(g(\cdot;I))\hat{\Omega}(I, \mathcal{T}_{3}))$
, . . , $\{\mathrm{V}(g(\cdot;I);\Omega(I, \tau 1))\}$
, , outbd $[\{\mathrm{V}(g(\cdot;I);\Omega(I, \mathcal{T}_{1}))\}]$ .
4 , , outbd $[\{\mathrm{V}(g(\cdot;I)\Omega(I, \tau 1))\}]$ - . , 4




3 V $(g(\cdot;\mathit{1});\iota l(I.T3))$ ils $\mathrm{V}(g(\cdot;I);[0,1]^{\mathrm{d}})$
4 $\mathrm{V}(g(\cdot;I);\Omega(I, T1))$ $\mathrm{V}(g(\cdot;I);[0,1]^{3})$
(28) $C_{k_{1}k_{2}k_{3}}$ 600 , $m=3$ , $\mathrm{V}(g(\cdot;I);\hat{\Omega}(I, \mathcal{T}3))$
, 10 . , $m=4$ , 500 $\mathrm{V}(g(\cdot;I);\hat{\Omega}(I, \mathcal{T}r))$ ,
$r\geqq 3$ , , 3 , $\mathrm{V}(g(\cdot;I)\grave{\Omega}(I, \mathcal{T}_{2}))$ 13 .
, , $\mathrm{V}(g(\cdot;I);\hat{\Omega}(I, \mathcal{T}_{r})),$ $r\geqq 3$ , .
, (28) $g$ , $f$ . , .
1
1) $z_{i_{k}}^{k}\in \mathrm{v}_{z_{k}},$ $k\in$ [1..m] . , $v^{\ell}=[z_{i_{1}}^{1}, z_{i_{2}}^{2}, \ldots, z_{i_{m}}^{m}]^{T}$ $Z=Z_{1}\cross Z_{2}\cross\cdots\cross Z_{m}$
, $Z$ $\mathcal{V}z$ .
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2) $L_{i_{k}}^{k}=$ conv $[z_{is}^{k}, z_{i_{t}}^{k}]\in \mathrm{E}_{Z_{k}}$ , $v^{k_{s}},$ $v^{k_{t}}\in \mathcal{V}z$ $j\neq k$ , $v_{j}^{k_{\aleph}}=v_{j}^{k_{t}}=z_{i_{\mathrm{j}}}^{j}$ , $v_{k}^{k_{s}}=z_{i_{\alpha}}^{k}$ ,
$v_{k}^{k_{t}}=z_{i_{t}}^{k}$ $Z$ . , $v^{k_{\backslash }}$. $v^{k_{\mathrm{t}}}$ $Z$ , $Z$
$\mathcal{E}_{Z}$ . I
$\mathcal{E}_{Z}$ , (21) 2 ,
outbd $\mathrm{V}(f;\mathcal{E}_{Z})=$ outbd $(_{I\in \mathcal{I}}\cup\cup \mathrm{V}(g(\cdot;I);\Omega(I, \mathcal{T}1)))\mathcal{T}_{1}$
.
, [22]
conv $\mathrm{V}(f;z)=$ conv $\{f(v)|v\in \mathcal{V}_{Z}\}$
2. ,
$\mathrm{V}(g(\cdot;I);[0,1]^{m})\subseteq$ conv $\{g(x;I)|x\in\Omega(I, \%)\}$
. , .
procedure CHECK-CONVHULL
Step 1. outbd $\mathrm{V}(f;\mathcal{E}_{Z})\in \mathcal{P}$ ;
Step 2. outbd $\mathrm{V}(f;\mathcal{E}_{Z})$ $v\in \mathcal{V}z$ $f$ ( , outbd $\mathrm{V}(f$ ;
$\mathcal{E}_{Z})$ $E,$ $E’\in \mathcal{E}z$ $\mathrm{V}(f;E),$ $\mathrm{V}(f;E)’$
3), outbd $\mathrm{V}(f;Z)=$ outbd $\mathrm{V}(f;\mathcal{E}z)$ ;
Step 3. $I\in \mathcal{I}$ , conv $\{g(x;I)|x\in\Omega(I, \mathcal{T}0)\}\subseteq$ outbd $\mathrm{V}(f;\mathcal{E}z)$ ,
, $I$ , $\hat{\Omega}(I, \mathcal{T}_{r})$ ;
, FIND-OMEGA $\hat{\Omega}(I, \mathcal{T}_{r})$ ;
. (3) $f$ . , $Z_{i},$ $i\in[1..5]$ ,
, , 4 , $Z_{6}=\{10\}$ ,
5 .
5 (3) $f$ $\mathrm{V}(f;Z)$ .
2 [22] , $m=2$ , $m\geqq 2$ .
3 , outbd .
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, outbd $\mathrm{V}(f;z)=$ outbd $\mathrm{V}(f;\mathcal{E}z)$ , $\mathrm{c}\mathrm{H}\mathrm{E}\mathrm{c}\mathrm{K}_{-\mathrm{C}\mathrm{o}\mathrm{N}}\mathrm{V}_{-\mathrm{H}}\mathrm{U}\mathrm{L}\mathrm{L}$
Step 2 . 5 , $\mathrm{C}\mathrm{H}\mathrm{E}\mathrm{c}\mathrm{K}_{-}\mathrm{C}\mathrm{o}\mathrm{N}\mathrm{V}_{-\mathrm{H}}\mathrm{U}\mathrm{L}\mathrm{L}$ ,
, $733.933(\sec)$ , 1024 , 924 , Step 3 , $\hat{\Omega}(I, \mathcal{T}_{r})$
. - , $\mathrm{C}\mathrm{H}\mathrm{E}\mathrm{c}\mathrm{K}_{-}\mathrm{C}\mathrm{o}\mathrm{N}\mathrm{v}_{-}\mathrm{H}\mathrm{U}\mathrm{L}\mathrm{L}$ , 6543$.883(\sec)$
.




. 1, 3, 5, , [14] , 4, 6
. 2 , [14] , 4
, 4 FIND-OMEGA , $[0,1]^{m}$ 2- ,
, $\Omega(I;\mathcal{T}_{r})$ $\hat{\Omega}(I, \mathcal{T}_{2})$ , r- $\Omega(I;\mathcal{T}_{r})$ 1
. ,
, 2- , 8 , $\hat{\Omega}(I, \mathcal{T}_{2})$ $\Omega(I;\mathcal{T}_{r})$
.
, .
1) 4 , 1 , , 4 ,
.
2) 5 , ,
. , , , [23], [24]
.




$f$ $\mathcal{E}_{Z}$ [25], [26],
$\text{ }$ .
5) , ,
$f(z)= \frac{}z\text{ }{z\text{ }}$
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( 1 ) $K(z)=$ { $k\in$ [1..m] $|z_{k}\in$ int $Z_{k}$ }, $L(z)=[1..m]-K(z)$ ,
$\tilde{Z}=\{\tilde{z}|\tilde{z}\ell=Z\ell, \ell\in L(z), z_{k}\in Z_{k}, k\in K(_{Z})\}$
, $z\in$ ri $\overline{Z}$ , $z$ $G\subseteq\tilde{Z}$ . $\tilde{f}$ $f$ 2
, ([18], p.225) , $\mathrm{V}(\tilde{f};c)$ . , (6) .
(7) , (6) . I
3 $1$ ) $\Rightarrow 2$ ), $3$ ) $\Rightarrow 1$ ) . $2$ ) $\Rightarrow 3$ ) .
2) $\overline{h}^{1}=\lfloor-\mathcal{T}h_{2}^{1}(X)h_{1}^{1}(x)]^{T}\in \mathrm{R}^{2}$ $h^{j}(x;I)\in \mathrm{R}^{2}$ . - , $\tilde{h}^{1}$ $h^{1}(x;I)$
, 2 , 3) . I
4 . 4 , [20] .
$\hat{j}\in$ [1..m] , $x$
$\psi(x;Iarrow)$
$\hat{j}$ $(m-1)\cross$
$(m-1)$ $J(x)$ . , , $\hat{j}=m$ ,
$x^{*}=$ , $\frac{\partial\psi}{\partial x}(x;I)=[J(x)\gamma(x)]$
. , $\xi^{*},$ $\gamma(x)\in \mathrm{R}^{m-1}$ , $J(x)$ $(m-1)\cross(m-1)$ .
, $J(x),$ $\gamma(x)$ , $[0,1]^{m}$ , $\Delta>0$ ,
$||J(x)^{-}1|||\gamma(x)|\leqq\Delta$ $\forall x\in[0,1]^{m}$
.
, $\xi^{*}$ $B_{\xi}$ $\eta^{*}$ $(\alpha^{*}, \beta^{*})\subseteq[0,1],$ $\alpha^{*}<\eta^{*}<\beta^{*}$ ,
$\eta\in[\alpha^{*}, \beta^{*}]$ , $\psi(x;I)=\psi((\xi, \eta);I)=0$ – $\xi(\eta)\in\overline{B_{\xi}}$ , $\xi$ : $B_{m}arrow \mathrm{R}^{m-1}$
,
$\frac{\partial\xi}{\partial\eta}(\eta)=J^{-1}(\chi(\eta))\gamma(x(\eta))$ , $\chi(\eta)=|\xi(\eta)\eta$
. , $\tilde{\eta}\in[\eta^{*}, \beta^{*}]$ , $\chi(\tilde{\eta})\in\partial[0,1]^{m}$ , $\tilde{x}=\chi(\tilde{\eta})$ ,
$\eta\in[\eta^{*}, \beta^{*}]$ , $\chi(\eta)\in(0,1)^{m}$ .
, $\{\beta_{j}\},$ $\beta_{1}=\beta^{*}$ $\{\chi_{j(\cdot)} : [\beta_{j}, \beta_{j1}+]\}$
( , $\chi_{j-1}(\beta_{j})=\chi_{j}(\beta_{j})$ ) ,
1) $j$ $\tilde{\eta}\in[\beta_{j}, \beta_{j+1}]$ $\chi_{j}(\tilde{\eta})\in\partial[0,1]^{m}$ ( $\beta_{j+1}\geqq 1$ ) ,
65
2) $j$ $\beta_{j}<1$ $\eta\in[\beta_{j}, \beta_{j1}+]$ , $\chi_{j}(\eta)\in(0,1)^{m}$
.
2) , $\tilde{\beta}=\lim_{jarrow\infty}\beta_{j}\leqq 1$ , $k<j$ ,
$| \xi(\beta_{j})-\xi(\beta_{k})|=|\int_{\beta_{k}}^{\beta_{\mathrm{j}}}\frac{\partial\xi}{\partial\beta}(\beta)d\beta|=|^{j}\sum_{\ell=k}^{-1}\int^{\beta_{\ell}1}\beta_{\ell}1J^{-}(x\ell(\beta))\gamma(x\ell(\beta))d\beta|+\leqq\Delta|\beta_{j}-\beta_{k}|$
. , $\{\xi(\beta_{k})\}$ , , $\chi(\tilde{\beta})=\lim_{karrow\infty}\chi_{k}(\beta_{k})$ , $\psi$
, $\psi(\chi(\tilde{\beta});I)=0$ . $\chi(\tilde{\beta})\in\partial[0,1]^{m}$ , $\tilde{x}=\chi(\tilde{\beta})$ .
, $\tilde{\beta}<1$ , $\chi(\tilde{\beta})$ , $\{\beta_{j}\}$
$\tilde{\beta}$ .
, $\eta$ $\eta^{*}$ , $\eta=\tilde{\eta}$ , $\chi(\overline{\eta})\in\partial[0,1]^{m}$ . , $x^{*}=\xi(\eta^{*})$
.
, $\eta$ $\eta^{*}$ , $\eta=\hat{\eta}$ , $\chi(\hat{\eta})\in\partial[0, 1]^{m}$ .
, $[\hat{\eta},\tilde{\eta}]$ $[0,1]$ . I
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